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A Gale diagram technique is used to show that if d is positive integer greater 
than one, then there is a d-polytope P such that there are [2(d + 4)/51 pairs of 
distinct vertices of P which cannot all be joined by disjoint paths in the graph of P. 
0 1985 Academic Press, Inc. 
1. INTR~OUCTI~N 
A path within a finite graph G is defined as a finite sequence of vertices 
such that successive pairs of vertices determine edges. The degenerate case of 
a sequence consisting of a single vertex will also be regarded as a path. A 
finite graph G is called connected if, given any pair of vertices of G, a path 
exists within G which connects them. A finite graph G is called n-connected 
if the exclusion of any set of n - 1 vertices from G leaves a graph which is 
connected. 
If X = {x, )...) x,} and Y= {yi,..., JJ,} are two sets of n distinct vertices of 
a finite n-connected graph G, then there are n disjoint paths within G each of 
which leads from a vertex in X to a vertex in Y. This is a generalization of 
the well known Menger-Whitney Theorem [ 11. 
Although n paths lead from X to Y it is by no means certain that specific 
pairs of points will be joined by a path. For example, there may not be n 
disjoint paths between X and Y one of which joins xi to yi. A simple 
example of this is the 2-connected graph formed by the vertices and edges of 
a square. Taking X and Y to be the vertices of two parallel edges, we find 
that it is impossible to find disjoint paths between X and Y, one of which 
joins diagonally opposite vertices. 
It is an interesting problem to consider how connected a graph must be so 
that any two sets of n distinct vertices can be joined by disjoint paths which 
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connect n specific pairs of vertices. The problem is similar to the problem of 
designing a telephone network capable of connecting any set of n calls. 
D. G. Larman and P. Mani have considered this general problem [2]; they 
also considered the problem in the case where the graphs concerned are 
formed by the vertices and edges of polytopes. They have shown the 
following. 
If P is a d-polytope (d-dimensional convex polytope) define r(P) to be the 
largest integer k such that, if any k pairs of different vertices of P are 
specified, then there exist k disjoint paths in the graph of P joining each pair. 
Define r(d) to be the smallest value of r(P) over the family of all d- 
polytopes. Larman and Mani show that r(d) > [(d + 1)/3] (see [2, p. 1451). 
However, they conjecture that r(d) > [in], a stronger result which, as they 
remark, is true for d < 5. 
This paper disproves this conjecture. A family of examples is constructed 
showing that r(d) < [(2d + 3)/5]. Th e author believes this upper bound to be 
best possible but cannot even show that r(6) = 3. 
2. GALE DIAGRAMS 
The examples used to establish the upper bound are constructed using 
Gale diagram techniques. These are described in detail in [3]. Briefly, if P is 
a d-polytope in Ed with n vertices, then a Gale diagram of P consists of a set 
of n points in Enpd-’ in one-to-one correspondence with the vertices of P. 
The n points of the Gale diagram may not all be distinct and may include 
points of multiplicity greater than one. Only two properties of Gale diagrams 
will be used; these can be summarised by the following which is proved in 
[3, p. 1361. 
LEMMA 1. (i) A set V of n points in Enpd-’ is a Gale diagram of a d- 
polytope P with n vertices if and only if every open half-space of Enpd-’ 
bounded by a hyperplane through the origin contains at least two points of V. 
(ii) If V is a Gale diagram of a polytope P then F cr V corresponds to 
the vertices of a face of P if and only if0 E relint conv( w). 
3. THE CONSTRUCTION OF EXAMPLES To ESTABLISH THE UPPER BOUND 
The following is proved. 
THEOREM. If d is an integer greater than one then there is a d-polytope P 
whose graph G(P) has the following property. They are two sets of 
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FIGURE 1 
[2(d + 4)/5] pairs of vertices of P, all distinct, such that there do not exist 
disjoint paths in G(P) joining corresponding vertices. 
Proof The result is trivial if d = 2; thus we assume that d > 3. The 
polytope P is constructed via a Gale diagram in Et’d+2”51. Since d > 3 then 
[(d + 2)/5] > 1. An example of the construction is shown in Fig. 1 which 
corresponds to the case d = 10. 
Let S be the set obtained by amalgamating an orthonormal basis of 
Et(d+2)‘51 with its reflection in the origin. The set S has 2[ (d + 2)/5] 
elements. Construct a Gale diagram by assigning points of multiplicity two 
to the set S and a point of multiplicity d + 1 - 3 [(d + 2)/5] to the origin. 
Notice that the vectors in the set S positively span ,!?td+2)‘51. Every half- 
space of Et(d+2)‘51 bounded by a hyperplane through the origin must contain 
one of these directions, and must thus contain at least two points of the 
diagram. By Lemma l(i), this suffices to show that a Gale diagram has been 
constructed which corresponds to some d-polytope P with d + 1 + 
[(d + 2)/5] vertices. 
If two vertices of P correspond to a single point from S then, by 
Lemma l(ii), they are not joined by an edge of P. There are 2[ (d + 2)/5] 
such pairs. Disjoint paths in G(P) which join these pairs must pass through 
vertices which correspond to the origin of the Gale diagram. 
Consider the 2[(d + 2)/5] pairs of points corresponding to single points 
from S. If 2[(d + 2)/5] < [2(d + 4)/5], then choose further pairs of vertices 
arbitrarily to give a set of [2(d + 4)/5] p airs of vertices, all of which are 
distinct. 
The polytope P has d + 1 + [(d + 2)/5] vertices; of these 2[2(d + 4)/5] 
appear in the collection of pairs which have been specified. This leaves 
d+ 1 + [(d+2)/5]-2[2(d+4)/5] vertices to connect the 2[(d + 2)/5] 
pairs defined from the set S. This is not possible since 
d+ 1 + [(d+2)/5]-2[2(d+4)/5] <2[@+2)/5]. 
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This inequality is easy but tedious to verify; it is enough to consider the five 
possible congruence classes of d modulo 5. The complete proof is omitted. 
A sketch of the above construction has been given in [4] using, as a 
starting point, a general positive basis rather than the set S used here. 
Polytopes which provide the upper bound for r(d) are clearly not unique. 
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